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Abstract—This paper addresses the intractable track matching
problem involved in multi-sensor multi-target tracking using
the labeled multi-Bernoulli filters. Unlike the unlabeled density
defined in the common state space, the labeled multi-target
density is defined in the joint state and label space, where the label
contains time-series/history information of the underlying track.
To measure the similarity between labeled densities (individual
tracks) that is required for inter-sensor track matching and
fusion, one has to account for the divergences in both state
and label spaces. The challenge, however, arises from the lack
of a proper metric to measure the label difference. It requires
considering the entire trajectory of the track, encompassing the
whole-life information from the birth of the track to the present.
In this paper, we provide a solution of comparing and matching
labels based on the whole-life time-series state distributions of
the labels/tracks, by extending the common divergences like
the Cauchy-Schwarz and Kullback-Leibler from distributions at
a single time-instant to those over time-series. Representative
scenarios are considered for illustration.

Index Terms—Random finite set, multiple target tracking,
labeled multi-Bernoulli filter, label matching, track association.

I. INTRODUCTION

MULTI-target tracking (MTT) is a well-established re-
search field with broad applications. The goal of the

MTT is to estimate the trajectories of a, perhaps time-varying,
number of targets from sensor data. The most known three
approaches that have been developed and investigated in this
field are 1) the joint probability data association (JPDA) [1]; 2)
multiple hypotheses tracking (MHT) [2], [3]; and 3) random
finite set (RFS) [4]; see also [5]. It was recently highlighted
that Soviet Union Researchers Achkasov [6], [7] in 1970-
1972 and Bakut and Ivanchuk [8] in 1976 derived prototypical
versions of the JPDA and the probability hypothesis density
(PHD) filter, within a single coherent framework originating
from statistical mechanics, referred to as stochastic flows (SF)
or flow theory; see the the detailed historical review [9],
[10]. However, we will stick with the use of the concept of
RFS in this work considering its popularity in the present
literature. A cutting-edge branch of the RFS/SF approaches
is the so-called labeled RFS (LRFS), which aims to estimate
the multi-object trajectories (properly linked time-series state
estimates for each individual target) in a principled manner
[11], [12]. Representative works in this line include the
generalized labeled multi-Bernoulli (GLMB) filter [11] and
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two of its computationally simplified versions known as δ-
GLMB filter [12] and the labeled multi-Bernoulli (LMB) [13]
filter. It is obviously advantageous to estimate and maintain
the trajectory information of each target. The idea of trajectory
estimation or labeling has been developed in other forms such
as the trajectory RFS [14], [15] and appeared in the non-RFS
estimation literature too; see e.g., [16]–[19].

A fundamental issue raised with the filtering and fusion
approaches is the metric that calculate the divergence between
the filtered densities. For example, the Kullback-Leibler diver-
gence (KLD) is used to derive multi-sensor density fusion rules
[20]–[24] and implement filter approximation [25]–[27], while
the Cauchy-Schwarz divergence (CSD) is widely adopted
in the sensor control scenes [28]–[31]. While many metrics
have been used to calculate the variability between multi-
target densities in the unlabeled case, less research has been
particularly focused on the labeled case where the labeled
density is the joint density of the label and state [11]–[13].

This is nontrivial simply because the labels are non-
comparable. A heuristics is to match labels first and then
compute the divergence between, and fuse, the underlying state
densities with matched labels [32]–[37], where the matched
labels are considered to be equivalent. However, only the state
density at a particular time, namely the marginal distribution
of the involving tracks, is taken into account, ignoring the
history part of the tracks. This does not meet the nature of the
label that indicates the whole-track information of the potential
target. Arguably, whenever work with the labels, the whole-
track information should be accounted for, as was done in
evaluating the performance of track or trajectory estimators
[38], [39].

Nevertheless, most of the existing labeled density fusion
solutions need to solve label matching firstly [32]–[37] (see
also the reason due to the theoretical derivation of the average
fusion for RFS filters given in [40]), discard the labels [41],
or directly assume that the labels are impractically perfectly
coordinated between filters [42]. All of them do not consider
the complete track information but only the marginal density
of the latest time. This paper is dedicated to fill this gap by
proposing a method for measuring the divergence between
labeled densities, which takes into account the whole trajectory
information in order to carry out label matching. Although
some of the discussion and findings we made hold to the other
labeled densities, we will in particular pay attention to the
LMB densities [13] in the example study.

The rest of the paper is organized as follows. The prelim-



inary of the RFS and LRFS are reviewed in Section II. The
difficulty and necessity for comparing the labeled densities are
addressed in III. Section IV presents our proposed solutions for
calculating track difference and for label matching. Simulation
is given in Section V before we conclude in Section VI.

II. BACKGROUND AND PRELIMINARY

A. RFS Theory

We inherit the notations from [13] as follows. The lower-
case letters (e.g., x) represent single-target states, while the
uppercase letters (e.g., X) represent multi-target states. In
addition, we use bold to represent labeled densities or states
(e.g., x, X, π) to distinguish unlabeled ones. Furthermore, the
spaces are represented as blackboard bold letters.

Let X ⊆ Rd represent the d-dimensional state space, and
X denote all finite subsets of X ⊆ Rd. Due to the inherent
characteristic of RFSs, multi-target states can naturally be
represented by an RFS X ∈ X. The stochastic characteristics
of the multi-target RFS X is encapsulated by its multi-target
probability distribution, represented as f(X). For a specific
realization of X with a given cardinality |X| = n, denoted by
Xn = {x1, . . . , xn} [4, Eq. 2.36] where xi ∈ X represents
the state of the i-th target,

f(Xn) = n!ρ(n)f(x1, . . . , xn), (1)

where f(x1, . . . , xn) for n = 1, 2, . . . , are the spatial densities,
which are symmetric in the arguments, and the cardinality
distribution ρ(n) ≜ Pr{|X| = n} =

∫
|X|=n

f(X)δX is given
by ρ(n) = 1

n!

∫
Xn f({x1, . . . , xn})dx1, . . . , xn.

The set integral in X is defined as [4, Eq. Ch. 3.3]∫
X
f(X)δX =

∞∑
n=0

1

n!

∫
Xn

f({x1, . . . , xn})dx1, . . . , xn (2)

=

∞∑
n=0

ρ(n) (3)

= 1, (4)

where f(∅) = ρ(0).
Denote by L the label space and by L all of the finite subsets

of L. In the LRFS, targets are distinguished by a unique label
and so the labeled density hereafter denoted as π

(
X
)

is the
joint density of the continuous state and the discrete label,
where X is a finite subset set of X× L. As shown in Fig. 1,
the densities obtained over time, as well as estimate extracted
from them, are linked by labels yielding the trajectories of
individual targets.

The LRFS integral is conceptually defined as [11], [12]∫
X×L

π
(
X
)
δX =

∞∑
n=0

∫
Xn×Ln

π
(
Xn

)
δXn (5)

=

∞∑
n=0

∑
Ln⊆Ln

∫
X
π
(
Xn

)
δXn (6)

=

∞∑
n=0

∑
Ln⊆Ln

1

n!

∫
Xn

π
(
Xn

)
dx1, . . . , dxn,

where Xn is a realization of an LRFS with cardinality n, Xn

is the multi-target state and Ln is the label set.

Fig. 1. The track indicated by a time-series of densities with the same label.

B. GLMB RFS

An LRFS is an RFS of elements with discrete and distinct
labels. An GLMB is an LRFS with a distribution [11]

π(X) = ∆(X)
∑
c∈C

w(c)(L(X))
∏

(x,ℓ)∈X

p(c)(x, ℓ) (7)

in the state space X and label space X, where C is a discrete
index set, w(c)(L) and p(c) satisfy∑

L⊆L

∑
c∈C

w(c)(L) = 1,

∫
p(c)(x, ℓ)dx = 1.

A δ-GLMB RFS is a special case of GLMB RFS with
C = F(L) × Ξ, w(c)(L) = w(I,ξ)(L) = w(I,ξ)δI(L), p

(c) =
p(I,ξ) = p(ξ), where (I, ξ) denotes the track set I with an
association maps history ξ [12] and Ξ is a discrete space. The
distirbution of a δ-GLMB RFS X is given by

π(X) = ∆(X)
∑

(I,ξ)∈F(L)×Ξ

w(I,ξ)δI(L(X))
∏

(x,ℓ)∈X

p(ξ)(x, ℓ).

(8)

C. LMB RFS

A LMB RFS can be completely represented by a parameter
set {(r(ζ), p(ζ)) : ζ ∈ Ψ} and the density of LMB RFS is [13]

π({(x1, ℓ1), . . . , (xn, ℓn)}) = δn(|{ℓ1, . . . , ℓn}|)
∏
ζ∈Ψ

(1− r(ζ))

×
n∏

j=1

1α(Ψ)(ℓj)r
(α−1(ℓj))p(α

−1(ℓj))(xj)

1− r(α
−1(lj))

,

(9)
where α : Ψ → L is a 1-1 mapping of indexes to labels,
1Y (x) = 1 if x ∈ Y and zero otherwise.

III. DIVERGENCE OF LABELED DENSITIES

It is nontrivial to define the distance/divergence in the joint
state and label space. The definition of the LRFS integral (5)
is based on the random state and label in the space X × L.
In the realization, however, the labels are deterministic and
finite. In the first place, the labels, as non-numeric variables,
do not have a definition of distance from each other. More
specifically, the labels for individual targets are often defined



as the ordered pairs of integers (k, l), where k represents the
time of birth, and l represents the sequence number of the
target. Obviously, the variable l does not possess an inherent
ordering concept within the real number range. This means
that, there is no inherent relationship of magnitude between
l = 1 and l = 2. Consequently, the label ℓ = (k, l) also does
not allow for any distance calculation in the Euclidean space
such as ℓm − ℓn. An extreme case raised in [40] is that two
labeled densities of the same state distribution but assigned
with different labels, for which it is nontrivial to define an
intuitively convincing distance/divergence.

A practically useful yet heuristic way to address the above
problem is given by disregarding the labels in comparing
two labeled densities. That is, one first matches their labels,
assuming that the matched label indicating the same potential
target are the same, and then calculate the divergence between
the matched components densities in the unlabeled state space
(not in the joint state and label space). 1 To this end, inspired
by [43], we decompose the labeled density π(Xn) as the joint
of the state spatial density f(Xn) conditional on the label set
Ln and the label probability mass function p(Ln), i.e.,

π(Xn) := p(Ln)f(Xn) (10)

p(Ln) =

∫
π(Xn)δXn (11)

where Ln = {l1, l2, . . . , ln}, Xn = {x1, x2, ..., xn},Xn =
{(x1, l1), (x2, l2), ..., (xn, ln)}.

Following this line of think, the divergence between differ-
ent label-matched densities can be calculated by any suitable
metric defined in the state space such as the KLD, CSD and
the integral squared distance (ISD). That is, the divergence of
two labeled densities π1(Xn),π2(Xn) with respective label
set Ln and L′

n that are matched can be conceptually defined
over the spatial densities as given in Table I.

Remark 1. The above definitions of the divergence between
labeled densities take into account differences in state dis-
tribution and ignores differences between labels; matched
labels are treated as the same. Specifically, even if the spatial
distributions of the densities of the two labels are exactly the
same but the labels are different, the divergence should not be
zero as the above definitions will indicate.

Remark 2. The KLD requires two densities having the same
support while CSD and ISD do not. As such the KLD only
applies to the case where each non-zero component of one
density must be matched with the non-zero component of the
other density with the same support. To this end, the number
of labels of two labeled densities must be the same and the
matching be bijection. This stringent requirement, however, is
not required in the case of using the CSD or ISD.

1In fact, these two steps are usually implemented in the reverse order. That
is, one first calculate the distance between any two labeled components from
two fusing densities. The matching is an optimization issue that is usually
solved so that the overall distance between all matched components is the
minimal in all possible matching solutions; see Section IV.

IV. DIVERGENCE OF TRACKS AND LABEL MATCHING

So far, only the state densities at the present time is consid-
ered in comparing the labeled densities and in label matching.
In this section, we will further address the divergence between
labeled tracks that is a series of densities with the same label
and the relevant label matching by taking into account the
whole-life trajectory information of the tracks. Motivation for
doing so will be illustrated firstly. All seek a more reliable and
convincing label matching solution.

A. Why Tracks?

Due to the nature of the labels that signify that the current
and history estimates with the same label all belong to the
same target, incorporating the entire trajectory information for
label matching allows for a more comprehensive utilization of
the label information. The necessity and advantage to match
labels/tracks according to their whole-life information rather
than only the present is obvious. In the scenario given in Fig. 2,
the tracks exhibit diverse patterns such as:

• Tracks a and a′ have similar state estimates at the present
moment and their entire trajectories show a consistent
trend. However, Track a′ starts later than Track a.

• Tracks b and b′ have the same track length and display
similar state estimations at the current moment, but their
trajectories diverge considerably in the first half.

• Tracks c and c′ possess similar positions at the current
moment, but their overall trends differ significantly.

In all above cases, the tracks are obviously very different from
each other although their latest state densities are similar. It
will easily lead to wrong matching results if only the latest
density is accounted for, which will lead to both problematic
multi-sensor track fusion [32], [33], [35] and problematic
single-sensor components merging.

Fig. 2. Very different target trajectories with similar current state estimates.

B. Divergence between Matched Tracks

In the following, we provide a technically sound metric to
compare pairwise matched tracks each of which consist of a
time-series of densities. To this end, we need to extend the
difference between matched labeled-densities to the matched



TABLE I
METRICS OF UNLABELED/SINGLE-LABELED DENSITIES

Metric Unlabeled expression Labeled expression
KLD DKL(f∥g) =

∫
X f(x) log

f(x)
g(x)

dx DKL(π1||π2) =
∫
Xn p(Ln)f1(Xn) log

p(Ln)f1(Xn)
p(L′

n)f2(Xn)
δXn

CSD DCS(f∥g) = − log
∫
X f(x)g(x)dx√∫

X f(x)2dx
∫
X g(x)2dx

DCS(π1||π2) = − log
∫
Xn p(Ln)p(L

′n)f1(Xn)f2(Xn)δXn√∫
Xn p(Ln)f1(Xn)2δXn

∫
Xn p(L′

n)f2(Xn)2δXn

ISD DIS(f∥g) =
∫
X (f(x)− g(x))2dx DIS(π1||π2) =

∫
Xn(p(Ln)f1(Xn)− p(L′

n)f2(Xn))
2δXn

tracks, for which the target state spatial distribution informa-
tion in the entire time series are taken into account.

Denote by Tℓ = [πℓ
k]

βℓ

k=αℓ
the track (here represents a

density sequence with the same label, different from the
standard track definition) corresponding to label ℓ, where πℓ

k

is the labeled density at time step k, αℓ and βℓ denote the
start and end times of the track, respectively. The life of the
track Tℓ, that is, the time when the track exists is expressed
as Il = {k ∈ N;αℓ ≤ k ≤ βℓ}. For two tracks Tℓ1 and Tℓ2 ,
the track divergence calculation is as follows

dT (Tℓ1 , Tℓ2) =
∑

k∈Iℓ1
∩Iℓ2

min(Ddensity(π
ℓ1
k ,πℓ2

k ), λC)

+ λC × |Iℓ1 ∪ Iℓ2 − Iℓ1 ∩ Iℓ2 |,
(12)

where Ddensity denotes the distance/divergence between the two
labeled densities such as the KLD, CSD and ISD defined in
Tabel I, λC is the cut-off error of unmatched track points,
which also serves as a gate controlling the matching and is
usually specified by the practitioner. By this gating, we will not
consider the possibility of matching two densities that have a
divergence larger than λC . However, because of the gating, the
divergence may not be a distance simply because the triangle
inequality does not hold; further analysis and proof will be
given in our future work.

As shown, the pairwise matched track divergence (12)
consists of two components:

• The first term
∑

k∈Iℓ1
∩Iℓ2

min(Ddensity(π
ℓ1
k ,πℓ2

k ), λC)
captures the divergence between the overlapping seg-
ments of the two tracks.

• The latter term λC × |Iℓ1 ∪ Iℓ2 − Iℓ1 ∩ Iℓ2 | represents
the non-overlapping segments of the two tracks, where
the spatial distribution of one track is estimated while
the other track lacks an estimate at that time.

C. Divergence between Matched Track Sets

Denote by S = {Tℓ}ℓ∈L a collection of tracks correspond-
ing to label set L, i.e., a set of labeled densities over time
series, where |S| is the number of the tracks/labels. For two
sets consisting of labeled densities S(1) = {T

ℓ
(1)
m
}Mm=1 and

S(2) = {T
ℓ
(2)
n
}Nn=1, where M = |S(1)| and N = |S(2)| are the

respective number of labels/tracks, we first define a divergence
matrix D = (dmn)M×N where dmn = dT (Tℓ(1)m

, T
ℓ
(2)
n
) repre-

sents the element of the divergence matrix D corresponding to
the m-th row and n-th column which measures the similarity

between the densities with label lm of set 1 and the densities
with label ln of set 2 calculated as given in (12). Based on
this, we define two alternative divergences between these two
track sets that are matched as supposed.

1) Label matching based divergence: We first define a
matching matrix ϕ = (amn)M×N as follows,

amn =

{
1, l

(1)
m matching l

(2)
n

0, otherwise
(13)

Without loss of generality, we assume that M ≤ N ,
then, the problem of label matching is transformed into the
following optimization problem:

ϕ̂ = argmin
ϕ

∑
m

∑
n

amndmn

s.t.

{
amn ∈ {0, 1}∑

n amn = 1 for m = 1, . . . ,M.

(14)

The above model deals with the label matching problem as a
standard assignment problem, which can be solved by standard
optimizers such as Hungarian algorithm [44]. The divergence
between track density sets based on the label matching is
defined as

dS(S(1),S(2)) =
∑
n

(∑
m

amndmn+λCT
(2)
n (1−

∑
m

amn)
)
,

(15)
where T

(2)
n = β

ℓ
(2)
n

− α
ℓ
(2)
n

is time-length of the track n.
Similar to the track divergence, (15) consists of two parts.

The first term
∑

n

∑
m amndmn represents the part of the

label matching, i.e., the summing of divergences considered
to be from the same target. The other term

∑
n λCT

(2)
n (1 −∑

m amn) is the penalty term for unmatched labels. A com-
mon cause for unmatched tracks is that the labeled densities
have different numbers of label sets or labels as shown in
Fig. 3 in which not all labels can be matched.

2) Matching-insensitive divergence: Instead of defining the
divergence like (15) between two track sets based on the label
matching solution, one may want the divergence definition un-
affected by the subjective matching. To this end, the following



(a) densities of set 1 (b) densities of set 2

Fig. 3. Illustration of two labeled densities with different numbers of labels
and so different function supports for which the KLD cannot apply.

divergence is defined,

dS(S(1),S(2)) =
∑
m

∑
n

wmndmn, (16)

wmn ∝ N
(

dmn

min(T
(1)
m , T

(2)
n )

; 0, d2G

)
, (17)

s.t.
∑
n

wmn = 1,∀m = 1, . . . ,M, (18)

where N (x; 0, d2) is the Gaussian likelihood function with
zero-mean and covariance d2, dG is a gate specified by
the practitioner in order to assign the weight/probability for
each matching; this is analogous to, much simpler than, the
probabilistic label association solution given by [34]. One may
choose according to the previously mentioned matching gate
λC , such as dG = 0.2λC . We argue that there is still space
for designing the weights wmn in a more principled way. This
is an issue similar to calculating the association probability in
the JPDA approach [1], [6], [7].

The above definition (16) takes into account all possible
matches with weights, making it no more necessary to find the
best matching as given in (14). It is arguably matching-free,
objective in comparison with the subjective matching-based
definition (15). The difference between the two divergence
definitions can be illustrated in the following scenario.

Fig. 4. Example 1. The blue solid line and the yellow dashed line are Gaussian
distributions in the track density set S(1) and S(2), respectively.

Example 1. Consider two track density sets S(1) and S(2).
There are two tracks in set S(1) and three tracks in set S(2).

For computational simplicity, it is assumed that the tracks have
only one time step and have been aligned, and each density is
a Gaussian distribution. A concrete implementation is given
as S(1) = {[N

1,ℓ
(1)
1
(30; 30)], [N

1,ℓ
(1)
1
(60; 35)]} and S(2) =

{[N
1,ℓ

(2)
1
(35; 25)], [N

1,ℓ
(2)
1
(70; 20)], [N

1,ℓ
(2)
1
(100; 40)]}. The

distributions of the two sets are shown in Fig. 4.
Calculate the divergence matrix D using (12) with λC = 50

based on the basic KLD metric and dG = 0.2λC in (16),
yielding

D =

[
1.509 50 50
13.532 6.720 21.004

]
. (19)

The optimization problem in (14) is then solved using the
Hungarian algorithm

ϕ̂ =

[
1 0 0
0 1 0

]
. (20)

Denote by W = (wmn) the weight matrix corresponding to
(17), then

W =

[
9.9999× 10−1 3.7693× 10−6 3.7693× 10−6

3.0596× 10−1 6.0984× 10−1 8.4193× 10−2

]
Then, the label matching based divergence and matching-

insensitive divergence are 58.229 and 18.047, respectively.
It is clear that there is a significant difference between the
two divergences due to the fact that the former performs a
globally optimal assignment, adding a direct penalty term
for unmatched tracks, while the latter takes into account the
likelihood of matching, and under reasonable parameters,
tracks with large divergences are given less weights. Therefore
the total divergence is relatively smaller.

D. Label Matching for LMB

As addressed so far, the track/label matching can be ob-
tained by solving the optimisation problem formulated in (14)
for which the dmn as defined in (12) is the key. More details
for calculating (12) are given below for the LMB.

The LMB filter posterior sequence of sensor i upto time t is

recorded as Π(i) = [π
ℓ
(i)
l
1 ,π

ℓ
(i)
l
2 , . . . ,π

ℓ
(i)
l
t ]

M
(i)
t

l=1 , where M
(i)
t is

the number of labels/tracks that still survive at time t and
π

ℓ
(i)
l

k = {rl, pl} is a Bernoulli component. The estimation
is therefore represented by M

(i)
t tracks, where the lth track

is T (i)
t,l = [(rlk, p

l
k)]

βl

k=αl
with existing period I(i)

t,l = {k ∈
N;α(i)

l ≤ k ≤ β
(i)
l } as defined in section IV-B. Then the

divergence between the m-th labeled density of sensor i and
the n-th labeled density of sensor j, d(ij)mn , can be calculated
by (12). Here the track existence probability rl correspond to
the label probability p(l) used therein.

E. Matching between Track Set Mixtures

We further denote a track set mixture by M =
{wI , {Tℓ}ℓ∈I}I∈F(L), where I ∈ F(L) is a track set, i.e.,
a set of labels and wI is the corresponding weight for track
set I , satisfying

∑
wI = 1. It amounts to a family of track

sets obtained under different hypotheses and associated with
different weights (as the case with the δ-GLMB), which can



be further expressed as M = {wI , {[πℓ
k]

βℓ

k=αℓ
}ℓ∈I}I∈F(L) and

illustrated in Fig. 2.
To address the label matching for track set mixtures, one

needs to first match track sets, whose divergences from each
other have been defined in Sec. IV-C and then match the inner
labels between matched track sets. For the (δ-)GLMB, we
leave the implementation details to our future work.

Remark 3. Unlike researches on distance metrics proposed
for trajectories sets [14], [15], [38], the elementary distance
between densities is still defined in the state space X ⊆ Rd.
The track/trajectory in the study is defined as a series of state
densities, more precisely the Bayesian posteriors, instead of a
sequence of points [16], [17] or a continuous-time function
like [18], [19].

V. SIMULATION

In this section, we study the effectiveness of the proposed
label matching solution (14) for the GM-LMB filters [13].
Considering the physical meaning and redundancy of labels
[45], only the labels that are considered as targets at the current
time step are matched.

We considered the region of interest (ROI) given by
[−1000m, 1000m] × [−1000m, 1000m]. The target state is
denoted as xk = [xk, ẋk, yk, ẏk, ωk]

T where [xk, yk]
T denotes

the spatial position, [ẋk, ẏk]T represents the velocity and ωk is
the turn rate. The survival single-target movement used by the
filters follows a coordinated turn (CT) model with a sampling
period of ∆ = 1s and transition density fk|k−1(xk|xk−1) =
N (xk;Fxk−1, Q), where

F (ω) =


1 sinω

ω 0 − 1−cosω
ω 0

0 cosω 0 − sinω 0
0 1−cosω

ω 1 sinω
ω 0

0 sinω 0 cosω 0
0 0 0 0 1

 (21)

and Q = diag([I2 ⊗G, σ2
u]) with

G =

[
σ2
w

4
σ2
w

2
σ2
w

2 σ2
w

]
, (22)

where ⊗ is the Kronecher product, σw = 5m/s and σu =
(π/180)rad/s. Each of the two sensors i = 1, 2 has a target
detection probability 0.98 and a linear measurement model as
follows

zi,k = Hxk + vi,k, (23)

where
H =

[
1 0 0 0 0
0 0 1 0 0

]
(24)

and vi,k = [v
(1)
i,k , v

(2)
i,k ]

T are independent identical distributed
zero-mean Gaussian with standard deviation 5m.

The simulation scenario is composed of 6 targets of deter-
ministic trajectories which were generated by the mentioned
CT model without using process noises and start at different
times. The total simulation time is 100s. The target motion
trajectories are shown in Fig. 5.

Fig. 5. Ground truth (different colors indicate different tracks, and cir-
cles/triangles start/end points).

The scene is set up with two GM-LMB filters. The local
filter uses up to 100 BCs and each BC contains up to 10
Gaussion components (GCs). To ensure that the filter operates
effectively, BCs with a probability of target existence below
10−3 are pruned, so are the GCs with weights below 10−5.
The divergences between densities are calculated using the
CSD and the coefficient of the cut-off error λC is taken as 50.

The label matching results based on (14) for the filtering
step k = 40, 70 and 100 are shown, respectively. Different
markers are used to indicate the track estimates of different
filters, namely the peak extraction of the tracks and the same
color indicates the matched track between two filters.

As shown in Fig. 6(a), two targets are close at the time, and
the other two are separated. The intersecting tracks are quite
close in position, velocity magnitude, and velocity direction,
and our method yields correct matching. In Fig. 6(b), the
occurrence of target crossover on the left leads to a similar
estimation of the target position and velocity magnitude by
sensor 1 and sensor 2, with two progressively approaching and
the third coming from the opposite direction. The proposed
method still performs a proper correlation. Fig. 6(c) shows the
final label matching result, which is in line with the matching
of the tracks that exist at k = 70.

Remark 4. The permutation invariance [15] involved in multi-
target tracking may cause certain complications. When the
targets are close to each other, the measurement-to-track
association is indeed challenging. In this work, however, we
do not confront this issue since we only deal with the filter-
established tracks and not how they are formed in the filtering
process. That being said, our proposed matching and fusion
solution based on the whole-life information has advantages
in dealing with this problem. As demonstrated in Fig. 7, in the
earlier attempts that merely considered the spatial distribution
of the targets at a single time-instant, the two intersecting
tracks can be easily incorrectly matched. This problem will
be highly combated in our proposed method that takes into
account the whole-life information. This is just the advantage
of estimating the track in comparison with estimating any



(a) label matching from k = 1 to k = 40 (b) label matching k = 1 to k = 70 (c) label matching k = 1 to k = 100

Fig. 6. The label matching result yielded at different tracking stages of multiple targets, where ’⋆’ denotes the estimates of LMB filter 1 and ’x’ denotes
those of LMB filter 2. Labels are marked by color and the same color given by different filters indicate the matching.

point-state/density.

Fig. 7. Label matching from k = 1 to k = 40 based on current (k = 40)
state estimation, where ’⋆’ denotes the estimates of LMB filter 1 and ’x’
denotes those of LMB filter 2. Labels are marked by color and the same
color given by different filters indicate the matching.

VI. CONCLUSION

This paper rethinks the challenge encountered in the com-
putation of the variation or similarity between labeled tracks,
namely the time-series densities yielded by the labeled RFS
filters. We point out that it is nontrivial to define the diver-
gence between labeled tracks, nor is it easy to match the
labels/tracks. Yet, label matching plays a key role in track
fusion in the multi-sensor LRFS filtering approaches and has
been superficially addressed by merely taking into account of
the marginal density of the tracks. Differently, we make an
attempt to compare and match tracks by taking into account
their whole-life information, resulting in two versions of track
divergence, one based on an unique, probably the best label
matching solution and the other relies on no single matching
choice but consider all matching possibilities. Examples and
simulations are considered for illustration and for demonstrat-
ing the effectiveness/reasonableness of our approach.
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